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Abstract

How should future neural reasoning systems implement extended computation?
Recursive Reasoning Models (RRMs) offer a promising alternative to autoregres-
sive sequence extension by performing iterative latent-state refinement with shared
transition functions. Yet existing RRMs are largely deterministic, following a
single latent trajectory and converging to a single prediction. We introduce Gen-
erative Recursive reAsoning Models (GRAM), a framework that turns recursive
latent reasoning into probabilistic multi-trajectory computation. GRAM models
reasoning as a stochastic latent trajectory, enabling multiple hypotheses, alterna-
tive solution strategies, and inference-time scaling through both recursive depth
and parallel trajectory sampling. This yields a latent-variable generative model
supporting conditional reasoning via pg(y | =) and, with fixed or absent inputs,
unconditional generation via pg(x). Trained with amortized variational inference,
GRAM improves over deterministic recurrent and recursive baselines on structured
reasoning and multi-solution constraint satisfaction tasks, while demonstrating an
unconditional generation capability. https://ahn-ml.github.io/gram-website

1 Introduction

A central question for future neural reasoning systems is how extended computation should be imple-
mented. Large autoregressive models typically scale reasoning by extending a sequence-generation
process, whether intermediate computation is expressed explicitly as chain-of-thought tokens or im-
plicitly in hidden or latent representations [1-6]. A complementary direction is explored by Recursive
Reasoning Models (RRMs), which use repeated computation to refine a persistent latent state rather
than to append new elements to an output or reasoning sequence [7-9]. This approach is appealing
because it decouples reasoning depth from both parameter scale and output length: a compact model
can perform many steps of internal computation by repeatedly applying shared transition functions
over time.

Recent recursive reasoning models such as HRM [8] and TRM [9] provide early evidence for the
potential of this approach in structured reasoning. Rather than producing a solution in a single
feedforward pass, they perform extended computation through iterative latent-state refinement, deep
supervision across refinement steps, and reasoning-oriented recurrent designs such as hierarchical
latent dynamics. These features make them well suited to problems requiring constraint propagation,
state tracking, iterative correction, and multi-step inference. More broadly, they build on a principle
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Figure 1: Comparison of Latent Reasoning Trajectories. Left: N-Queens Example with two valid solutions.
Right: Given three independent runs for latent reasoning (71, 72, 73): (a) Prior RRMs (e.g. HRM, TRM) are
deterministic—all runs collapse to an identical trajectory, converging to a single solution and failing to explore
alternatives, while (b) GRAM explores diverse trajectories, producing diverse trajectories that reach multiple
valid solutions y; and y2, while naturally enabling parallel inference-time scaling.

also explored in recurrent Transformer architectures such as Universal Transformers [10] and Looped
Transformers [7]: shared Transformer blocks can be repeatedly applied to increase computational
depth without increasing parameter count. Together, these models suggest that reasoning capability
can emerge not only from scaling model size or generating longer traces, but also from the organization
of computation itself.

While recurrent latent-state refinement provides an appealing mechanism for efficiently increasing
reasoning depth, depth alone is not sufficient for many reasoning problems. A capable reasoning
system should also be able to maintain uncertainty, consider alternative hypotheses, and explore
multiple possible solution strategies [11, 12]. This is especially important in settings where ambiguity
or multiple valid solutions are intrinsic, and more generally in problems where a single refinement
path may become trapped in a suboptimal reasoning trajectory. In this sense, future RRMs should be
not only deep, in the sense of repeated refinement, but also wide, in the sense of maintaining and
exploring multiple latent trajectories in parallel.

Existing RRMs [7-10], however, remain fundamentally deterministic: given the same input and
initialization, they follow a single latent trajectory and converge to a single prediction. This deter-
ministic recursion collapses the space of plausible reasoning paths into a single attractor, leaving
probabilistic multi-hypothesis latent reasoning largely unexplored within the RRM paradigm. This
motivates the central question of our work: can recursive latent computation support probabilistic,
generative, multi-hypothesis reasoning while preserving the efficiency of compact recurrent models?

In this paper, we propose Generative Recursive reAsoning Models (GRAM), a framework that turns
recursive latent reasoning into probabilistic multi-trajectory computation. GRAM treats the reasoning
process itself as a stochastic latent trajectory: at each recursion step, the model samples a transition
conditioned on the input and the current reasoning state, rather than deterministically updating to a
single next state. Repeating this process defines a distribution over possible reasoning trajectories,
allowing the model to maintain multiple hypotheses, explore alternative solution strategies, and scale
inference not only by increasing recursive depth but also by sampling trajectories in parallel. From
a probabilistic perspective, GRAM is a latent-variable generative model: it models py(y | ) by
marginalizing over latent reasoning trajectories, while the same recursive process can also define an
unconditional generative model py(z) when the input is fixed or absent.

We evaluate GRAM on controlled reasoning and generation tasks that serve as probes of the ar-
chitectural properties targeted by our formulation: recursive refinement, stochastic exploration,
multi-solution coverage, and inference-time scaling. Given this goal, our experiments focus on
comparisons with the most relevant deterministic recurrent and recursive latent reasoning baselines,
including Looped Transformers, HRM, and TRM, rather than frontier-scale general-purpose LLMs
whose training data, inference budgets, and external scaffolding are not directly comparable. Sudoku-
Extreme [8] and ARC-AGI [13, 14] test structured reasoning under hard constraints and abstract
transformations; N-Queens and Graph Coloring evaluate multi-solution recovery; and binarized
MNIST [15] probes the unconditional generative interpretation.

Our main contribution is to establish probabilistic multi-trajectory recursion as a design principle
for future recurrent and recursive reasoning architectures. Concretely, we make three contributions.



First, we formulate recursive reasoning as a latent-variable generative process, where solutions are
obtained by marginalizing over stochastic reasoning trajectories. Second, we introduce width-based
inference-time scaling, enabling inference to scale not only with recursive depth but also with the
number of sampled latent trajectories. Third, we provide empirical evidence that this formulation
yields the intended architectural advantages over deterministic recurrent and recursive baselines,
improving structured reasoning, multi-solution constraint satisfaction, and unconditional generation.

2 Generative Recursive Reasoning Models

In this section, we introduce Generative Recursive reAsoning Models (GRAM), an instantiation
of probabilistic recursive reasoning. We describe the architecture in Section 2.1 and the training
procedure in Section 2.2, with an architecture schematic shown in Figure 2.

2.1 Architecture

Overview. GRAM models the conditional distri-
bution py(y | =) by marginalizing over stochas-
tic latent reasoning trajectories. Given an input
z, GRAM first computes an embedding

Cx :fenc(z;e)v (1)

which is reused throughout the entire recursive
computation. Starting from a fixed initial la-
tent state zg, the model evolves the latent state x
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through learned stochastic transitions. The re-
cursive computation is organized into two nested
levels: inner and outer loops.

At the inner level, a latent transition samples
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Figure 2: GRAM Architecture. A single stochastic
latent transition in the hierarchical instantiation z =

(h,1). After K low-level refinements via fi,, the high-
level update fy produces a deterministic proposal u¢, to

a new latent state conditioned on the previous

. . which stochastic guidance ¢; is added: hy = us + €.
latent state and the input embedding, g ‘ ‘ e

t=1,...,T. 2)

At the end of the T transitions, the decoder produces a prediction, § = arg max fqec(z7; 6). We refer
to the sequence of 7' transitions from the initial state 2y to the final state zr as a supervision step. A
supervision step is the unit at which the decoder is invoked, and the training objective is applied, with
gradients computed as described in Section 2.2.

2t ~ po(2 | 2e—1,€z),

At the outer level, Ny, supervision steps are applied recursively, with the final state of one supervision
step serving as the initial state of the next, thereby forming the full recursive computation:

1 T transitions 1 2 T transitions T transitions (Nsup)
2 L ) = Y 25 ), 3)
where zt(") denotes the latent state at the ¢-th transition of the n-th supervision step, z(()l) is the

fixed initial state, and the terminal state of one supervision step serves as the initial state of the next
n+1) n . . . . . .

(%9 := zp ). This abstract formulation can be instantiated with various recurrent Transformer

backbones, including flat designs such as Universal Transformers and Looped Transformers [10, 7],

as well as hierarchical designs such as HRM and TRM [8, 9].

Stochastic Latent Transitions. Unlike prior recursive reasoning models (RRMs) that update the
latent state deterministically and follow a single fixed trajectory [8, 9], GRAM defines py(z; |
zt—1,€,) as a stochastic transition, so that repeated computation induces a distribution over latent
reasoning trajectories. Concretely, GRAM realizes this transition as a learned stochastic residual
perturbation around a deterministic update: at each transition, the model first computes a deterministic
update u; from z;_1 and e,, then samples a conditional perturbation from a state-dependent Gaussian,
and adds it to u;:

er ~ poler | ur) = N (no(ur), of (u)I)
2 = Ut + €.
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We refer to €; as the learnable stochastic guidance. The mean pp(u;) encodes a state-dependent
direction in which the trajectory is steered, while the variance o3 (u;) controls the amount of ex-
ploration. This design allows GRAM to capture uncertainty, prevent convergence to local minima,
and support robust exploration of the solution space without discarding the deterministic refinement
performed by wu;.

Hierarchical Instantiation. We instantiate the latent state with two interacting components, z =
(h,1). The high-level component h is updated once per latent transition and carries abstract reasoning
state, while the low-level component [ is updated K times within a single transition and carries
fine-grained intermediate computation. This decomposition separates the two roles across time scales,
with i accumulating slowly across transitions and [ refined rapidly within each one.

With this hierarchical multi-scale structure, a single transition z;_; — z; is computed as follows.
The low-level component is first refined for K updates, with the high-level component held fixed:

Lok = fu(he—1, Lig—1, ez; 0), k=1,...,K, (6)

where [, o := [;_1 and we write [, := [, k for the refined low-level component. The high-level
component is then updated as a stochastic transition conditioned on the refined [;,

ur = fu(he—1, ls; 0), )
€0~ poler | we) := N(M@(ut)a Ug(ut) I), 3
ht = ug + €, 9

and we set z; = (h,l;). Note that stochasticity is introduced only at the high level: the low-
level refinement is fully deterministic, while the stochastic guidance signal €; acts on the slower,
more abstract component of the latent state, where it can steer the overall reasoning trajectory
across transitions>. Under this instantiation, the decoder reads only the high-level component, i.c.,
faec(21) = faec(hr). Additional architectural details are provided in Appendix B.1.

Modeling Unconditional Distribution. While the description so far focuses on the conditional
setting pg(y | «), the same recursive process can also be defined as an unconditional generative model
pe(x) when the input is replaced with an empty conditioning embedding. We use this formulation for
generation tasks in Section 4.3.

2.2 Training

GRAM is trained to model the conditional distribution py(y | x), where each training example
consists of an input x and its corresponding target y. As a probabilistic model, GRAM adopts a
latent-variable formulation and is optimized by maximizing an evidence lower bound (ELBO) with
respect to the generative parameters 6 and variational parameters ¢.

Latent Variable Modeling. We model GRAM as a latent-variable probabilistic model py, where
the full latent trajectory 7 = (29 — -+ — 21y, ) consists of a sequence of latent variables, with
Trotal = T X Ngyp. The conditional likelihood is defined as

poly | £) = / poly | 7.2) po(r | ) dr, (10)

where = denotes the input problem and y denotes the corresponding ground-truth output.

Direct maximum likelihood estimation of log ps(y | z) is intractable due to the marginalization
over latent trajectories. We therefore introduce a variational posterior ¢, (7 | , y) and optimize the
evidence lower bound (ELBO), jointly training 6 and ¢ via variational inference:

logpe(y | ©) > By, (re,y) [l0gpa(y | 7,7)] — KL(gp(T | 2,9) | pa(T | x)). (11)

During training, latent trajectories are sampled from the variational posterior g4(- | «,y), which has
access to both the input problem z and the target output y. At inference time, where y is unavailable,
trajectories are instead generated from the learned prior pg(- | x).

3We also tried injecting noise into the low-level state, but found that it did not improve performance.



Both the prior and the posterior are modeled as conditional Markov processes over latent states:
Trotal Trotal
po(r | ) = pl(z0) H oz |z, 2)y as(r | @y) =p(z0) [ a6z | zerom,y). (12)
t=1

Here, 2z is a fixed 1n1t1al state shared by the prior and posterior. Both transitions are implemented by
adding reparameterized Gaussian noise ¢, after a deterministic update u;; the posterior uses the same
transition module as the prior, but samples from a target-conditioned noise distribution gg(e; | w, y),
whereas the prior uses pg( ).

Since the two processes share the same Markov structure and all stochasticity is introduced through
€1: T+ thelr trajectory distributions can be equivalently represented in noise space. Moreover,
since GRAM decodes the output only from the terminal latent state, the likelihood term satisfies
po(y | 7 x) = po(y | 21pey.» ). Therefore, the full trajectory-level ELBO can be written as

Trotal

EELBO = Eq(p [IOgPO(y | ZTTomnxﬂ - Z ]Eq¢(e<t|r,y) {KL(Qqﬁ(et | utuy) Hp9(€t ‘ ut)):| (13)
t=1

Here, uy = fu(hi—1,!;) denotes the deterministic high-level update before noise injection, as defined
in Equation (9). Since u; depends on h;_1, which is determined by the previously sampled noise
variables e<; := (€1, ..., €:—1), the expectation averages over these ancestral samples.

Practical Implementation. In practice, following previous recursive reasoning models [8, 9], we
train GRAM with deep supervision over Ng,,, consecutive supervision steps, each consisting of T'
recursive latent transitions. This provides dense learning signals along the full latent trajectory, rather
than supervising only the final state after Ty = T' X Ngyp, transitions. The terminal state of each
step is reused as the initial state of the next step.

Following standard practice for recurrent models with long computation chains, we apply truncated
gradient propagation [16, 17], as used in recent recursive reasoning models [8, 9, 18]. In our
implementation, gradients are propagated only through the final transition of each supervision step,
zp) | = zTn). This gives the following surrogate objective for each supervision step:

L8 (2,538, 0) = Eq, [logpa(y | 25, 2)] — KL(qs(e” | u$?,y) [ o€l [ u$?)),  (14)

where z(T") is the terminal state of the current supervision step n, and gradients are stopped through

preceding states. Thus, Lgran should be viewed as a truncated surrogate objective rather than the
exact ELBO; it introduces a biased but memory-efficient approximation to the full ELBO. Further
analysis of this approximation is provided in Appendix A.3, and detailed training hyperparameters
are listed in Appendix B.2.

2.3 Inference-Time Scaling

GRAM supports two complementary axes of inference-time scaling: depth, by varying the number
of recursive transitions, and width, by sampling multiple latent reasoning trajectories in parallel.
For depth, we follow prior recursive reasoning models [8, 9] in adopting adaptive computation
time (ACT) [8-10], which allows each trajectory to terminate at a learned haltlng depth (details in
Appendix A.1). For width — the focus of this section — we draw {7 )g ~ pg ) from the
learned prior and decode each terminal state into a candidate output §'*) = fgec( zT , exploring
multiple stochastic reasoning paths simultaneously rather than extending a single trajectory.

To select among candidates, we use either majority voting or best-of-N with a Latent Process Reward
Model (LPRM). The LPRM is a value head vy, (z;) trained to predict the final quality of a trajectory
from its latent state, using a regression target r € [0, 1] given by the final prediction accuracy. At
inference time, majority voting selects the most frequent prediction, whereas LPRM-guided selection
chooses the candidate with the highest predicted terminal value. Details of LPRM training are
provided in Appendix A.2. Overall, this procedure improves robustness and solution quality through
parallel exploration, without increasing the sequential recursion length.

3 Related Work

Latent Reasoning. Latent reasoning aims to reduce the inefficiency and verbosity of explicit
Chain-of-Thought (CoT) by shifting part or all of the reasoning process into latent or continuous
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Figure 3: Performance on puzzle benchmarks. On both Sudoku-Extreme and ARC-AGI, GRAM consistently
outperforms all deterministic recursive baselines (Looped TF, HRM, TRM), demonstrating that stochastic latent
transitions yield substantial gains within the recursive-reasoning paradigm. Looped TF results on ARC-AGI are
omitted due to prohibitive training cost (see Section C.1.1) Note that large reasoning model scores are included
only as external reference points for benchmark difficulty.

representations [1-6]. By avoiding token-by-token generation of intermediate steps, such representa-
tions can make reasoning traces more compact and reduce generation overhead. Existing approaches
instantiate this idea through hidden states, latent or soft tokens, continuous thoughts, internal rea-
soning traces, and recursive state updates for scaling test-time computation [4, 7, 19-23, 18, 24-26].
However, many remain organized around autoregressive sequence generation, where additional
computation is tied to generating more tokens, latent positions, or sequential reasoning states.

Recursive Architectures. Recursive architectures perform iterative state updates and have evolved
from RNNs to weight-sharing Transformers with adaptive computation [7, 10, 27-32, 25]. Recent
recursive reasoning models show that increasing inference-time depth can outperform larger static
models [8, 9, 18, 24]. GRAM builds on this line but formulates recurrence as a probabilistic process:
instead of following a single deterministic refinement path, it maintains stochastic latent trajectories,
enabling multi-path exploration and generative sampling.

Probabilistic Latent State-Space Models. Probabilistic recurrent models use stochastic latent
transitions to capture uncertainty and multimodal dynamics, often trained with variational infer-
ence [33-38]. They have been widely used in sequential generative modeling, video prediction,
and model-based reinforcement learning. GRAM shares this latent state-space view but reinterprets
stochastic dynamics as computation rather than temporal observation modeling: latent transitions
define possible reasoning trajectories, supporting multi-hypothesis exploration and both conditional
po(y | ) and unconditional py () generation.

4 Experiments

GRAM is designed as an architecture for probabilistic recursive reasoning, rather than as a general-
purpose large language reasoning model whose training data, inference budgets, prompting strategies,
tool use, and external scaffolding are not directly comparable. Following prior work on recurrent and
recursive reasoning models [8, 9], we therefore evaluate GRAM on standard structured reasoning
tasks that probe the computational properties targeted by our formulation: iterative latent refinement,
stochastic trajectory exploration, multi-solution coverage, and inference-time scaling.

In the following, we first evaluate structured reasoning performance on Sudoku-Extreme and ARC-
AGI (Section 4.1). We then assess multi-solution behavior on N-Queens and Graph Coloring
(Section 4.2). Next, we examine the unconditional generative interpretation of GRAM on binarized
MNIST (Section 4.3). Finally, we perform ablation studies to evaluate the impact of key design
choices (Section 4.4).

4.1 Challenging Puzzle Tasks

Setup. We evaluate on Sudoku-Extreme [8], which contains 9x9 puzzles with minimal clues re-
quiring extensive constraint propagation, and ARC-AGI Challenge [13, 14], which tests abstract
visual reasoning through few-shot pattern recognition. We compare against direct prediction (Trans-
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Figure 4: (Left) Inference-time scaling on Sudoku-Extreme. While both TRM and GRAM benefit from
longer recursion (x-axis), GRAM additionally scales with parallel sampling (/N = number of samples); each
iteration corresponds to a supervision step, while meaning K x more flat iterations in Looped TF. (Right)
Accuracy across number of solutions in N-Queens (8 x 8). Conventional deterministic recursive models suffer

a sharp performance drop as the number of possible solutions increases, whereas GRAM maintains consistent
performance.

former [39]), a flat recursive baselines (Looped TF [7], HRM [8], TRM [9]). Reported large reasoning
model results [40] are included as external reference points for benchmark difficulty, rather than
as controlled baselines, since their training and inference settings are not directly comparable to
task-specific recursive models. For the scaling analysis, all baselines (Looped TF, HRM, TRM) are
reproduced under identical settings following Yang et al. [7] and Jolicoeur-Martineau [9].

Stochastic Guidance Improves Reasoning. Figure 3 and Table 8§ summarize our main results.
GRAM consistently outperforms prior recursive models across all benchmarks. We attribute this
improvement to the fundamental difference in how reasoning trajectories are utilized. While Looped
TF, HRM, and TRM are restricted to learning from a single deterministic path, GRAM leverages
stochastic transitions to explore diverse reasoning trajectories. By training on this richer distribution
of solution paths, GRAM acquires more robust reasoning capabilities, allowing it to navigate complex
problem spaces more effectively than models constrained to a single sequential refinement process.
Detailed experiment results, including more state-of-art methods, are provided in Appendix D.1.

Parallel Sampling Provides a New Test-time Scaling Axis. Figure 4 (left) shows that increasing the
number of parallel samples consistently improves performance across all iteration counts. Notably,
GRAM with N = 20 samples at 16 iterations outperforms all deterministic baselines at 320 iterations,
including TRM (97.0% vs 90.5%), despite comparable computational budget. While deterministic
recursive models scale only through sequential refinement, GRAM leverages stochastic transitions to
explore multiple reasoning paths in parallel. To select the best trajectory, we employ a Latent Process
Reward Model (LPRM) that predicts output correctness (Section 2.3). This parallel scaling bypasses
the latency bottlenecks of depth-based scaling while achieving superior performance. Additional
analysis on the ARC-AGI Challenge is provided in Appendix D.2.

4.2 Multi-solution Puzzle Tasks

Setup. To evaluate whether GRAM can capture diverse solutions, we test on N-Queens (8 X 8,
10 x 10) and Graph Coloring (8-vertex, 10-vertex) tasks, where multiple valid solutions exist for each
input. We compare against direct prediction (Transformer [39]), recursive models (Looped TF [7],
HRM [8], TRM [9]), and generative models (Autoregressive Transformer (AR), MDLM [41]). For
N-Queens, we report accuracy (whether the output satisfies all constraints) and coverage (found /
total valid solutions, with 20 samples). For Graph Coloring, we report conflict edges (number of

constraint violations; lower is better) instead of accuracy. Detailed configurations are provided in
Appendix C.2.

Deterministic Recursion Fails on Multi-Solution Tasks. Table 1 reveals that deterministic recursive
models structurally cannot capture multiple solutions, with coverage at most 36.1% across all tasks.
Figure 4 (right) further illustrates this limitation: as the number of valid solutions increases, all three
deterministic recursive baselines exhibit sharp accuracy degradation, whereas GRAM maintains
consistent performance regardless of solution count. This confirms that deterministic latent updates



Table 1: Evaluation on N-Queens and Graph Coloring benchmarks. Rec. and Gen. indicate whether the
model uses recursive computation and generative sampling, respectively. Values are mean = standard deviation
over runs. Accuracy: single-sample (%). Conflict: constraint-violating edges (J). Coverage: unique valid
solutions discovered with 20 samples (%).

N-Queens Graph Coloring
8x8 10 x 10 8-vertex 10-vertex

Method Rec. Gen. #Params Accuracy Coverage Accuracy Coverage Conflict] Coverage Conflict] Coverage
Direct Pred (8 layers) X X 27M 404414 13.7+1a 13.6+05 1.6:02 1793110 199202 1987450  6.7:0a
Direct Pred (32 layers) X X 100M 40.2413 13.6:411 131504 1620z 174.04s0  19.1uir 227745 6.5:10
Looped TF v X ™ 68.4:57  23.6:19  50.0+76 6.2:52  136.0261 20545 1573100 7.2:07
HRM v X 27M 78.7+20 267415 374405 47101 109.7415  21.8:0s 1643126 89417
TRM v X ™ 66.8+57  36.1s225  17.5412 2015 1093150 223506 17074170 6.8:0s
AR X v 10.6M 963110 848105 90.0:22 532405 19.0:ns 83.0:07  61.3sss 40.0x0s
MDLM X v 126M  96.1:s 872106 743166 474420 2.7 06 845100  12.0i70 482414
GRAM (Ours) v v 10M 99.7:05 903110 89.7:27  57.5us4 2.7:2. 85.8:05 33405 51.3:25

cause mode collapse when multiple valid outputs exist for the same input. Additional coverage
analysis is provided in Appendix D.3.

Recursive Refinement Yields Sharper Constraint Satisfaction. While generative models (AR,
MDLM) achieve high coverage, GRAM consistently attains higher accuracy with comparable diver-
sity. On N-Queens, GRAM reaches 99.7% accuracy versus 96.3% (AR) and 96.1% (MDLM). The
gap is more pronounced on Graph Coloring, where GRAM reduces conflict edges to 2.7 and 3.3 on 8-
and 10-vertex tasks, compared to 19.0 and 61.3 for AR. This demonstrates that recursive refinement
enables stricter constraint satisfaction than generative sampling alone.

4.3 Exploring GRAM as an Unconditional Generator

Setup. To investigate GRAM’s unconditional gen- Table 2: Unconditional generation results on
erative capability beyond conditional reasoning, we binarized MNIST. We report IS (1) and FID ({).
evaluate generation in two domains: structured con- For iterative models, a step corresponds to a super-
straint generation on Sudoku (from empty boards, “'*'°% step for TRM and GRAM, and a denoising
evaluated by the fraction of generated boards satis- Stlep fo.rﬂ? 3PM. ll:ID lsl callculatgd;;;ng real sam-
fying Sudoku constraints) and image generation on ples with original pixel values (0-255).

binarized MNIST [15], where pixel values are thresh- Method IS(T)  FID ()
olded to 0 or 1 (evaluated by Inception Score (IS) [42]
and FID [43]). In both cases, the input is replaced by VAE 1.70 86.28

an empty conditioning signal and the model samples D3PM (1000 steps)  1.86  74.03

. . . . TRM (16 steps) 1.00 303.29
an output from its learned prior. Baselines include
D3PM [44], a discrete diffusion model, on both tasks, GRAM (Ours)
and additionally a VAE [45] trained with binary re- ?gtetps }gg 5‘7“7)2
construction loss on MNIST. To ensure a fair compar- 0 ztzgz 191 76.65
ison with existing literature, FID is calculated using 64 steps 195 7539
real samples from the original standard MNIST. 128 steps 1.99 74.30
Generative Behavior Beyond Reasoning. GRAM 256 steps 204 73.34
extends from conditional reasoning to unconditional
generation in two different domains. On Sudoku 100 —
generation (Figure 5), GRAM produces valid boards = sof [22%
with 99.05% validity using 10.9M parameters and i o
16 supervision steps, surpassing D3PM baselines =
that use up to 55.1M parameters and 1000 denois- o 21.9%
ing steps. Figure 7 shows qualitative examples, illus- 20
trating that the model produces diverse, fully valid
boards from empty inputs without any explicit con- \65.\‘“\ 069@ \@9@
straint checker. On MNIST (Table 2), the deter- &

ministic baseline TRM exhibits mode collapse (FID
303.29), whereas GRAM produces recognizable dig- Eigure 5: Unconditional Sudoku generation. Va-
its with IS and FID comparable to D3PM. Together, lidity (%) of generated Sudoku puzzles. GRAM

these results indicate that GRAM’s stochastic latent ~achieves higher validity than D3PM with substan-
tially fewer parameters and steps.
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steps. Each row corresponds to a different model. GRAM (bottom) progressively refines the generated image
through recursive latent updates, correcting initial errors. (b) Unconditional generated samples from each model.
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Table 3: Ablation study on Sudoku-Extreme and N-Queens (8 x 8). We evaluate with 5 samples. For (a),
Components are added cumulatively to the Looped TF baseline (DS = deep supervision, HR = hierarchical
recursion, SG = stochastic guidance). For (b), both stochasticity and learned guidance are essential—removing
either significantly degrades performance.

(a) Architecture Ablation. (b) Mechanism Ablation.

Model variant Sudoku N-Queens Model variant Sudoku N-Queens

base (Looped TF) 61.25 71.30 GRAM (ours) 93.96 99.69

+ DS + HR (=HRM, TRM) 55.00/87.40 80.70/72.90 wio stochastic guidance .87 7291

+5G 65.64 86.30 stochasticity only 94.88 50.27

DS + SG 73.90 100.00 ) ) ) )

TS guide only 0.00 0.00

+ DS + HR + SG (=GRAM) 93.96 99.69 w/ direct prediction 63.43 61.44
TRM w/ stochastic decoder 82.87 71.66
TRM w/ random init. 78.53 71.82

transitions support generative modeling beyond symbolic reasoning, with constraint satisfaction
emerging as a natural byproduct of the recursive generative process.

Inference-Time Scaling Transfers to Generation. Table 2 further shows that increasing recursion
at inference improves generation quality monotonically (IS 1.85 — 2.04, FID 84.08 — 73.34 from 8
to 256 steps), even though training uses only 16 steps. This indicates that the iterative-refinement
advantage of recursive models carries over into the generative regime. Figure 6 visualizes this process;
additional samples are in Section D.4.

4.4 Ablation Study

We ablate key design choices of GRAM on Sudoku-Extreme and N-Queens (8 x 8) using 5 samples.
Table 3 summarizes the results.

Stochastic Guidance Provides Consistent Gains Across Architectures. Table 3a shows that
stochastic guidance (SG) improves performance regardless of the underlying architecture: SG alone
lifts the flat Looped TF baseline, and combining SG with deep supervision already reaches 100%
on N-Queens. The full GRAM (with hierarchical recursion on top) achieves the best results overall
(93.96% / 99.69%). While the effect of hierarchical recursion is task-dependent, SG yields consistent
gains in every configuration, supporting our design of stochastic guidance as the core extension
introduced by GRAM.

Both Stochasticity and Guidance Are Essential. We ablate each component by modifying the
learned distribution €; ~ N (pg, 021) in Equation (4). Removing guidance (NV(0, 021)) maintains
Sudoku performance (94.88%), indicating that stochasticity alone can enable diverse reasoning paths.
However, this variant collapses on N-Queens (50.27%), where structured guidance is necessary to
navigate multi-solution spaces. Removing stochasticity (N (19, 0)) fails completely (0.0% on both
tasks), as deterministic guidance conditioned on the target leads to severe overfitting.

Naive Stochasticity Does Not Help TRM. We test two simple approaches to add stochasticity to
TRM: (1) stochastic decoding, which samples from the output distribution instead of argmax, and
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Figure 7: Qualitative examples of unconditional Sudoku generation by GRAM. Each board is independently
sampled from an empty grid using the learned prior. GRAM produces diverse, complete boards satisfying all
row, column, and box constraints, without an explicit constraint checker or search procedure. Incorrect digits are
highlighted in red.

(2) random initialization, which samples zo from a Gaussian A(0,I) at each inference. Neither
improves performance, demonstrating that GRAM’s gains stem from the variational framework rather
than mere randomness.

5 Conclusions and Limitations

We introduced GRAM, a generative framework that transforms deterministic recursive architectures
into probabilistic generative models capable of modeling both p(y | =) and p(x) via recursive amor-
tized variational inference. For reasoning problems, introducing stochasticity into latent transitions
enables diverse solution discovery and improved exploration compared to deterministic counterparts.
Notably, we demonstrate GRAM can leverage width-based inference-time scaling as a complement
to depth: by sampling multiple latent trajectories in parallel, bypassing the latency bottleneck of
depth-only scaling. Our ablations further reveal that stochastic guidance is a general-purpose exten-
sion that consistently improves any recursive architecture, and that the gains stem specifically from
the variational framework — not from mere randomness, as naive stochastic alternatives applied to
existing models yield no improvement.

Beyond solution-seeking, GRAM also demonstrates potential as an unconditional generative model
through recursion-based generation over inputs, with generation quality improving monotonically
with recursive depth even beyond training-time steps. This suggests new directions for generative
modeling via hierarchical recursion. Despite these strengths, the sequential nature of deep supervision
limits training efficiency compared to Transformers, posing a significant barrier to scaling GRAM
toward larger foundation models.
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Broader Impacts

GRAM studies probabilistic recursive reasoning for structured reasoning and generation. By main-
taining multiple latent trajectories, it may benefit tasks such as constraint satisfaction, and scientific
problem solving, where uncertainty and multiple valid solutions are common. It also suggests a way
to improve reasoning through inference-time computation rather than parameter scaling alone. Its
generality also entails risks: plausible but invalid generations may be mistaken for verified solutions
in downstream decision-making pipelines, and multi-sample inference may increase computational
and energy costs at scale. Since our experiments focus on controlled benchmarks, deployment in
real-world or high-stakes settings would require rigorous validation, uncertainty calibration, and
domain-specific safeguards.
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A Additional Method Details

A.1 Adaptive Computation Time

GRAM optionally adopts adaptive computation time (ACT) [8-10] at inference, allowing each
trajectory to terminate at a learned halting depth rather than running for a fixed number of supervision
steps. We follow the Q-learning formulation introduced by HRM [8] and adopted in TRM [9].

Halt head. The decoder includes an auxiliary head g, : R” — R? that maps the high-level state h

to two scalar values, gy (h) = (¢"?!*, g°°"tinue) These are interpreted as estimated Q-values for the
binary action of halting or continuing computation at the current supervision step.

Training. The halt head is trained jointly with the main objective via a temporal-difference loss.

After computing the latent state z(T") at the end of supervision step n, we form Q-learning targets:

o ghalt = 1[3)(") = y), indicating whether decoding the current state would yield a correct

prediction.
o geontinue — max (q};j_ltl, qgfj{‘{inue), the bootstrapped value of running one more supervision
step.

The halt head is trained by regression to these targets:

Nsup
LacT = Z |:(q2alt _ qAEalt)Q + (q;clontinue _ qrclontinue)2:| ) (15)
n=1

This auxiliary loss is added to the main training objective and contributes only through the halt head;
it does not propagate gradients into the recursive core.

Inference. At inference, computation proceeds one supervision step at a time. After each step
n, we evaluate g, (h(™)) and halt if ¢gha!* > geontinue returning (™) as the prediction. Otherwise,
computation continues to the next supervision step, up to a maximum budget of Ng;7* steps. Different
trajectories sampled in parallel may therefore terminate at different depths, complementing the
parallel-sampling scheme described in Section 2.3. In practice, we found that using only g"a!t
(halting when o (¢"#!*) > 0.5, without the continue branch) performs comparably while simplifying

implementation; our released code uses this variant.

A.2 Latent Process Reward Model (LPRM).

To rank or select among sampled candidates, we train a value head v, (2;) to predict the expected
accuracy of the final output, conditioned on the current latent state z;. The LPRM is trained jointly
with the main objective via a regression loss:

T

Liprm = Y _(vy(ze) — 1), (16)

t=1

where 7 € [0, 1] denotes the accuracy of the final prediction for a given trajectory.

A.3 Empirical Validation of the Surrogate Objective

We further analyze the approximation introduced by the surrogate training objective Lagran used in
Section 2.2, both qualitatively and empirically.

Truncation as a gradient approximation. We frame Lgranm as a gradient approximation rather than
a separate variational objective. The full trajectory-level ELBO (Equation (13)) involves a sum of KL
terms across all Ty, transitions, and computing its exact gradient requires backpropagation through
the entire trajectory. To enable training with constant memory, we propagate gradients only through
the final transition of each supervision step. This is a standard practice in recurrent latent variable
models with long computation chains: ELBOs over truncated sequences are used, for example, in
VRNN [33] and SRNN [34], while truncated latent imagination is used in Dreamer-family world
models [37, 38]. Trading a small gradient bias for training stability via local truncation is therefore
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well-precedented; what is specific to GRAM is applying this approximation at the level of recursive
reasoning trajectories rather than temporal sequences.

Empirical validation. To verify that optimizing Lgram effectively drives improvement in the full
variational bound, we compute both quantities on the validation set throughout training. The full
ELBO Lg1,o is evaluated as in Equation (13), summing the reconstruction term and KL contributions

across all Ty, transitions; the surrogate objective is evaluated as the average of Eg% A Over the
Ngup supervision steps. Figure 8 reports the results on Sudoku-Extreme and N-Queens 8 x 8.

Sudoku-Extreme N-Queens 8 x 8
=@~ —Lgran (training objective) l\ =@ —Lgram (training objective)
064 - —Lepo (full) 10° 5 \ - —CLego (full)
| 102 4
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Figure 8: Full ELBO Lg1.50 and surrogate objective Lgranm throughout training (plotted as —ELBO,
smaller is better). On both Sudoku-Extreme (left) and N-Queens 8 x 8 (right), both quantities decrease
monotonically over training, indicating that gradient updates of Lgram consistently improve the full variational
bound. The two curves do not coincide because Ler.so sums KL contributions across all Trrotal transitions
while Laram evaluates only the final-step KL of each supervision step; their gap reflects the cumulative KL
across earlier transitions, not a failure of optimization. The N-Queens plot uses a log scale on the y-axis due to
the large dynamic range.

Both Lg130 and Lgranm improve monotonically throughout training on both tasks. This indicates
that, despite the truncation, gradient updates of Lgrawm effectively drive improvement in the full
variational bound. Since Lg1 o also serves as an indirect estimate of the negative log-likelihood,
its consistent improvement provides evidence that GRAM optimizes a well-defined data likelihood,
even though training relies on the surrogate.

The gap between the two curves in Figure 8 reflects the structural difference between the two
quantities — Lgppo accumulates KL terms across all transitions while Lgran evaluates only the
final-step KL of each supervision step — rather than an optimization failure. This gap is consistent
with LgraMm being a biased but useful surrogate for Ly po.

B Training and Architecture Details

B.1 Architecture Details

GRAM consists of three components: Encoder, Recursive Core, and Decoder.

Encoder. Input tokens are mapped to embeddings via a token embedding layer, optionally con-
catenated with puzzle embeddings (for ARC [13, 14]), and combined with positional encodings
(RoPE) [46]. The embeddings are scaled by v/D and prepended with 16 puzzle embedding tokens [8].

Recursive Core. The core maintains two latent states: h (high-level) and [ (low-level). For each outer
step, the low-level state is refined K times vial « f1 (I, h + e;), injecting the input embedding at
each iteration. The high-level state is then updated via h <— fg(h,l). Both f7, and fp share the same
architecture: a stack of attention and SwiGLU [47] MLP layers. In addition, as an exception, we use
[SwiGLU + SwiGLU] network for the Recursive Core module instead of [Attention + SwiGLU] for
Sudoku tasks, following [9]. For initialization of zy = (hg, ly), we sample once from the standard
Gaussian distribution A/(0, I), then save the value within the network checkpoint and load it again,
meaning the initialized z( has a fixed value.

Decoder. The decoder extracts content tokens from h (excluding puzzle embedding positions)
and maps them to logits via a SwiGLU MLP head. An auxiliary head predicts halt decisions and
correctness values from the first token of h.
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Table 4: Architecture components.

Component Module Description

Encoder
Token Embedding  vocab — D
Puzzle Embedding 16 tokens (optional, for ARC)
Position Encoding  RoPE or learned

Recursive Core

fo, fu [Attention + SwiGLU] x 2 layers

Iterations K low-level, T high-level steps

16,08, by, O SwiGLU MLP for each parameter
Decoder

LM Head Linear(D — vocab)

Q Head Linear(D — 2) for halt

V Head Linear(D — 1) for value

Encoder and Decoder for Image Patches. In the MNIST [15] image generation task, we first
construct a binarized dataset by normalizing the original discrete pixel values (0 ~ 255) to the
continuous range [0, 1] and applying a threshold at 0.5. For the network architecture, we employ a
convolutional patch encoder, following [48, 49].

The encoding process proceeds in three stages. First, the discrete input tokens € {0,1} are
normalized to the range [—1, 1]. Second, to capture local spatial dependencies before patchification,
the normalized image passes through a shallow convolutional encoder. This encoder consists of
two stacked blocks, where each block comprises a 2D convolution [50, 51] with a 5 x 5 kernel and
padding 2, a SiLU non-linearity [52], and Group Normalization (GN) [53]. Finally, the resulting
feature map is divided into non-overlapping patches of size P x P and linearly projected to match
the model’s hidden dimension D. The detailed architectural specifications and dimension transitions
are summarized in Table 5.

Table 5: Detailed architecture of the Image Patch Encoder for MNIST. H, W denote image resolution, C' input
channels, P patch size, N, the number of patches, and D the hidden dimension.

Stage | Layer/Operation | Output Dim.
1. Norm Input Tokens (B,C,H,W)
: " | Linear Scaling [-1,1] | (B,C,H,W)
Conv2d 5 x 5 (p = 2)
SiLU — GN(32) (B,D/2,H, W)
2. Conv
Conv2d 5 X 5 (p = 2)
SiLU — GN(32) (B.,D/2,H,W)
Flatten Patches (B, Ny, P2. %)
3. Patch Linear Projection (B,N,, D)

Hyperparameters. Following Wang et al. [8], Jolicoeur-Martineau [9], both the input and output are
represented as sequences of shape [B, L], where B denotes the batch size and L the context length.
Each input sequence includes 16 fixed puzzle embedding tokens. The latent states h; and [;, as well
as the decoder output, have shape [B, L, D], with embedding dimension D. The Transformer [39]
backbone uses embedding dimension D = 512, attention heads Nye,q=8 , and FFN hidden dimension
Dp=512. Within a recursion step, meaning a latent transition z; — 2;4.1, we use low-level (inner)
steps K = 6 for Sudoku [8] and K = 4 for all other tasks, with high-level (outer) steps 7' = 3.

B.2 Training Details

Task Configuration. All tasks represent inputs and outputs as discrete token sequences (Summarized
in Table 6).
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* For Sudoku [8], the 9x9 grid is flattened row-by-row into 81 tokens with vocabulary size 11
(O=pad, 1=blank, 2—-10=digits).

* For ARC-AGI [13, 14], variable-size grids are padded to a fixed 30x 30 canvas with EOS
markers, yielding 900 tokens and vocabulary size 12 (O=pad, 1=eos, 2—11=colors); task-
specific puzzle embeddings are prepended to distinguish different ARC tasks.

 N-Queens flattens an N x N board row-by-row into N2 tokens with vocabulary size 3
(O=pad, 1=empty, 2=queen).

* Graph Coloring encodes the strict upper triangle of the adjacency matrix as n(n—1)/2 tokens,
using 0=PAD, 1=no-edge, and 2=edge for inputs and 3 + color_id for output colors.

 For image generation on MNIST [15], images are quantized and processed via CNN-based
patchification [50, 49], with the encoder applying patchify and the decoder unpatchify. Then,
patched input forms 14 x 14 flattened sequence tokens with vocabulary size 3 (O=pad,
1=black, 2=white).

Table 6: Task-specific configurations.

Task Seq. Len Vocab Puzzle Emb Encoding

Sudoku 81 11 X 9x9 grid, row-major
ARC-AGI 900 12 v 30x30 padded canvas
N-Queens N? 3 X N x N board

Graph Coloring @ 6 X Strict adjacency upper triangle
MNIST 196 3 X 14 14 patches

Training Details. We train all models using AdamW [54] with learning rate 10~%, weight decay
1.0, and gradient clipping at 1.0. The global batch size is 768. For stability, we apply exponential
moving average (EMA) with decay 0.9999, following Brock et al. [55] and Song and Ermon [56].
To prevent posterior collapse, we use a KL balance [37, 38] coefficient of 0.8. The number of deep
supervision steps is Ny, = 16 for all tasks. The KL coefficient 3 is set to 0.1 (Sudoku), 0.04/0.1
(ARC-AGI-1/2), 0.07/0.045 (N-Queens 8 x 8/10 x 10), 0.5/0.45 (Graph Coloring with 8/10 nodes),
and 0.07 (MNIST). Task-specific training configurations are summarized in Table 7.

Table 7: Training configurations on NVIDIA RTX 4090 GPUs.

Task Epochs GPUs Time
Sudoku 50K 8 2h
ARC-AGI 200K 8 5 days
N-Queens (8 x8) 3K 8 1h
N-Queens (10x10) 1K 8 3h
Graph Coloring (8 nodes) 5K 8 1.5h
Graph Coloring (10 nodes) 5K 8 6h
MNIST 1.8K 8 16h

C Additional Details of Experiment Setup

C.1 Challenging Puzzle Tasks
C.1.1 Looped TF on ARC-AGI

We report Looped Transformer [7] results on Sudoku-Extreme but omit them on ARC-AGI due to
prohibitive training cost. Under the same setup used for our other recursive baselines (200K epochs,
batch size 768, on 8 x NVIDIA RTX Pro 6000 GPUs), training Looped TF on Sudoku-Extreme
already takes 19 hours, and extrapolating to ARC-AGI — which uses substantially longer sequences
and a larger training set — suggests approximately 97 days (=~ 776 GPU-days) for a full training run.

This gap stems from two compounding factors. First, Looped TF lacks deep supervision: HRM,
TRM, and GRAM perform Ny, gradient updates per trajectory (one per segment), whereas Looped
TF performs only one update at the end of the full trajectory, slowing convergence. Second, Looped
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TF lacks adaptive halting such as ACT [8-10], so every input must be processed for the maximum
recursion depth, increasing per-example sequential compute. Both inefficiencies compound at
ARC-AGI scale, making a full Looped TF training run impractical.

C.2 Multi-solution Puzzle Tasks
C.2.1 N-Queens Problem

Input Solution 1 Solution 2 Solution 3

l:l:li m l'i.l .@. o .@. wim r@:

. I@l“l . m
l l.l l l || .@ || ||
l I:::I I:::I@h ||
I I.l l l N
Figure 9: Example of an 8 x 8 N-Queens puzzle instance. In this example, 5 queens are removed from the

full board, leaving 3 queens. The model must find the positions of the remaining queens. This configuration
admits exactly 3 valid solutions.

Data Generation Details. The N-Queens problem requires placing N queens on an N x N
chessboard such that no two queens attack each other—meaning no queens share the same row,
column, or diagonal. Figure 9 illustrates an example where 5 queens are removed from an 8 x 8
solution, resulting in a puzzle with 3 distinct valid completions.

To construct the dataset, we first generated all valid complete N-Queens solutions for N = 8 and
N = 10. We then created puzzle instances by removing a specific number of queens, treating the
remaining partial configuration as the input and the original complete board as the target label. To
generate instances yielding diverse valid completions, we removed k € {5, 6, 7} queens for the 8 x 8
setting and k € {7,8,9} queens for the 10 x 10 setting. The distribution of solution counts for our
generated dataset is shown in Figure 10.

For evaluation, we employed an 85:15 train-test split. Crucially, to prevent data leakage and ensure
the model learns to reason rather than memorize, the split was performed based on unique input
configurations. This guarantees that no input pattern in the test set appears in the training set. Inputs
are flattened into discrete 1D sequences = € {0, 1,2}, where L = N?, along with zero-padded
puzzle embedding tokens. Vocabulary mapping follows: padding (0), empty (1), and queen (2).

8x8 N-Queens 10x10 N-Queens

3000 20000 -
o) @ 15000
‘e 2000 ]
g g 10000
Q Q

1000

5000 1
0 ‘H"‘r" 0 o o 0o ol : ‘ PP
3 6 9 12 15 18 0 20 40 60 80
Number of solutions Number of solutions

Figure 10: Distribution of the number of valid solutions for generated N-Queens instances. The dataset
covers a wide range of solution counts, testing the model’s ability to recover multiple valid outputs.

C.2.2 Graph Coloring Problem

Data Generation Details. The Graph Coloring problem requires assigning one of k colors to each
node in a graph such that no two adjacent nodes share the same color. We consider graphs with
N € {8,10} nodes and use k = 3 colors. Figure 11 illustrates an example instance with N = 8
nodes and k£ = 3 colors.

Graphs are generated using the Erd6s—Rényi random graph model [57], following the generation
pipeline from GNN-GCP [58]. Specifically, for each instance, edges are sampled independently
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with a fixed probability p, producing a symmetric adjacency matrix. We retain only graphs that are
3-colorable.

For each graph, we enumerate all valid 3-colorings and retain only canonical forms to eliminate
redundant solutions under color permutation (e.g., swapping red and blue). This yields a set of
structurally distinct solutions per input. The distribution of solution counts is shown in Figure 12.

The final dataset consists of 7,002 training and 255 test instances for N = 8, and 13,465 training and
192 test instances for N = 10.

Input and Output Representation. The input graph is represented by extracting the upper triangular
portion of the adjacency matrix (excluding the diagonal) and flattening it into a 1D sequence. The
output is a sequence of length NV, where each position encodes the assigned color for the corresponding
node. Vocabulary mapping is as follows: PAD (0), no edge (1), edge (2), and colors (3, 4, 5) for red,
blue, and green respectively.

Solution 1 Solution 2 Solution 3 Solution 4

e e

Figure 11: Graph Coloring Example
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Figure 12: Distribution of the number of valid solutions for generated graph coloring instances. The
dataset covers a wide range of solution counts, testing the model’s ability to recover multiple valid outputs.

D Additional Experiment Results

D.1 Additional Results on Challenging Puzzle Benchmarks

Table 8 reports test accuracy on three challenging puzzle benchmarks. Here we provide additional
observations complementing the main text.

GRAM Advances the Recursive-Reasoning Line. Across all three benchmarks, GRAM consis-
tently outperforms prior recursive baselines (Looped TF, HRM, TRM) while using fewer parameters
than HRM (10M vs. 27M). The complete failure of direct prediction on Sudoku and ARC-AGI-2 (0%
in both cases) further confirms that recursive computation is essential for these tasks — single-pass
models, regardless of capacity, cannot solve them. Together, these results indicate that GRAM’s gains
arise from how recursive computation is organized (probabilistic, multi-trajectory) rather than from
increased model capacity.

Sudoku-Extreme Resists Parameter Scaling. All tested large reasoning models (LRMs), including
Deepseek-R1 (671B), score 0% on Sudoku-Extreme. This suggests that pretrained capacity alone
does not transfer to constraint-propagation reasoning, and that benchmarks like Sudoku-Extreme
probe a fundamentally different axis from those captured by general-purpose LRMs. On ARC-AGI,
more recent LRMs such as Gemini 3 Pro (75.0% on ARC-1, 31.1% on ARC-2) remain substantially
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Table 8: Test accuracy (%) on Challenging Puzzle Benchmarks. GRAM significantly outperforms prior
recursive models. All recursive model scores were obtained at 16 supervision steps.

Method #Params Sudoku ARC-1 ARC-2
Large Reasoning Models
Deepseek-R1 671B 0.0 15.8 1.3
Claude 3.7 16k N/A 0.0 28.6 0.7
03-mini-high N/A 0.0 345 3.0
GPT 5.2 (low) N/A - 55.7 9.7
Grok-4-thinking 1.7T - 66.7 16.0
Gemini 3 Pro N/A - 75.0 31.1
Recursive Models
Direct Pred 27TM 0.0 21.0 0.0
Looped TF ™ 61.3 - -
HRM 27TM 55.0 40.3 5.0
TRM ™ 874 446 7.8
GRAM (Ours) 10M 97.0 52.0 111
Human Results
Avg. Human - - 60.2 -
Best Human - - 98.0 100.0

ahead of all recursive models, highlighting that abstract few-shot reasoning still benefits from scale;
we view these numbers as benchmark-difficulty reference points rather than controlled baselines.

D.2 Scales with Parallel Sampling on ARC-AGI Challenge

To investigate the effect of GRAM’s sampling on the ARC-AGI-1 benchmark, we measured perfor-
mance without relying on external data augmentation. Typically, TRM achieves its reported accuracy
by generating 1,000 augmentations for a single problem and performing majority voting over the
results. Because this augmentation process itself creates a wide variety of samples, we isolated
the specific effect of generative sampling by performing inference solely on the original problem
instance and conducting majority voting over multiple sampled paths. For a fair comparison, TRM
was evaluated using the same hyperparameters as GRAM, including the number of epochs, learning
rate, and the number of layers.

As illustrated in Figure 13, removing augmentations causes a performance decline for both GRAM
and TRM compared to the values reported in Table 8. However, in the case of GRAM, we observe
that accuracy consistently improves as the model generates more parallel samples. This trend mirrors
observations in Section 4.2, suggesting that increased inference-time compute through width scaling
allows the model to explore more plausible reasoning trajectories and recover from initial errors,
eventually leading to more robust solution discovery.

Interaction between Augmentation and Sampling. A natural question arises: why not combine
higher levels of augmentation with extensive parallel sampling? To address this, we conducted an
ablation study examining the interaction between data augmentation and inference-time sampling.
Figure 14 presents the results across varying augmentation levels (Aug=0 to Aug=50). Without
augmentation (Aug=0), increasing the number of samples yields consistent accuracy improvements,
demonstrating that stochastic sampling effectively explores diverse reasoning trajectories. However,
as the level of augmentation increases, the marginal benefit of additional sampling diminishes
substantially. At Aug=50, performance saturates regardless of sample count—accuracy remains
nearly constant whether we draw 1 or 50 samples. This observation reveals that augmentation
and sampling serve complementary rather than additive roles: both mechanisms enable the model
to capture solution diversity, but through different means. When training data is limited, parallel
sampling compensates by exploring varied reasoning paths at inference time. When training data
is abundant through augmentation, the model has already internalized sufficient diversity during
training, rendering additional inference-time exploration redundant. Consequently, scaling sampling
beyond augmentation provides diminishing returns, justifying our experimental design choice to
evaluate these two scaling axes separately.
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Figure 13: Effect of sampling on ARC-AGI-1 without data augmentation. To isolate the internal sampling
effect, both models are evaluated on original problem instances without 1,000 augmentations. While removing
augmentations causes an initial performance drop, GRAM exhibits robust scaling through generative sampling
as the number of parallel samples [V increases, outperforming the TRM baseline.
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Figure 14: Effect of augmentation on sampling efficiency. With limited augmentation (Aug=0), parallel
sampling provides consistent gains. As augmentation increases, sampling benefits diminish—at Aug= 50,
performance saturates regardless of sample count, suggesting augmentation and sampling serve complementary
roles in capturing solution diversity.

D.3 Solution Coverage Analysis

We analyze the ability of GRAM to capture the diversity of the solution space compared to determin-
istic baselines. Figure 15 presents the solution coverage on 8 x 8 and 10 x 10 N-Queens tasks with
respect to the total number of valid ground-truth solutions.

As shown in Figure 15, deterministic recursive models (HRM and TRM) exhibit a sharp decline in
coverage as the number of possible solutions increases. Since these models are constrained to a single
fixed reasoning trajectory, they structurally fail to explore alternative paths, resulting in severe mode
collapse in multi-solution landscapes.

In contrast, GRAM effectively leverages its generative latent transitions to cover a broader range
of solutions. As the number of parallel samples N increases (from 1 to 20), the solution coverage
improves monotonically across both 8 x 8 and 10 x 10 settings. This empirical evidence confirms
that GRAM’s stochastic guidance mechanism is essential for navigating complex problem spaces
where multiple valid reasoning paths exist.

D.4 Additional Generated Image Samples
In this section, we provide further qualitative results demonstrating GRAM'’s capability in uncon-

ditional image generation. Figure 16 presents a diverse set of samples generated on the binarized
MNIST dataset, visualized across the recursive inference steps t = 0 to ¢t = 16.
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Figure 15: Solution coverage analysis on N-Queens (8 x 8 and 10 x 10) with respect to the number of
ground-truth solutions. While deterministic baselines (HRM, TRM) suffer from mode collapse as the solution
space grows, GRAM demonstrates monotonic improvement in coverage as the number of parallel samples N
increases.

As observed in the main text, GRAM exhibits a distinct progressive refinement behavior. Starting
from a black initialization, the model iteratively adds details and sharpens the structure of the digit

A particularly compelling property of this process is the model’s ability to recover from initially
ambiguous or incorrect formations.

For instance, in the second row (generating the digit *2’) and the last row (generating the digit ’1’),
the early predictions at £ = 1 and ¢ = 2 manifest as disjointed artifacts or incorrect shapes. However,
as the recursion proceeds, GRAM effectively leverages its feedback loop to correct these initial errors,
resolving the ambiguity and converging to a coherent, high-quality digit by ¢ = 16.
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Figure 16: Additional generated samples from GRAM. We provide 8 additional samples generated uncondi-

tionally on binarized MNIST using GRAM. Each row represents a single generated sample, visualized across its
recursive refinement process.
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D.5 Additional Experiment Results on Unconditional Sudoku Generation

In this section, we provide additional details on unconditional Sudoku generation. Unlike the
conditional Sudoku-solving setting, where the input board contains given clues, the model receives an
entirely blank board and samples a complete 9 x 9 Sudoku board from its learned prior. We evaluate
each generated board using the standard Sudoku validity criterion: every row, column, and 3 X 3 box
must contain the digits 1 through 9 exactly once. We report the validity rate over 100K generated
boards. To check whether high validity comes from repeatedly producing the same board, we also
compute the fraction of unique boards among valid samples.

For GRAM, we construct the unconditional training set from Sudoku-Extreme [8], the Sudoku
benchmark used by HRM and TRM. We sample 50K complete solutions from the original training
split, discard the clue patterns, and use an all-blank board as input with the complete solution as
the target. No data augmentation is used. We train GRAM on this derived 5S0K-solution set for 200
epochs with learning rate 10~%, EMA decay 0.999, and KL coefficient 0.05. The resulting model
contains 10.9M parameters and uses 16 inference steps.

For D3PM baselines, we use a DiT-style Transformer backbone and evaluate two model sizes. D3PM-
Big uses hidden dimension 768, 5 Transformer blocks, and 12 attention heads, yielding 55.1M
parameters, while D3PM-Small uses hidden dimension 512, 3 Transformer blocks, and 8 attention
heads, yielding 15.9M parameters. Both variants are trained on the same derived training set and
generate boards with 1000 denoising steps.

As shown in Table 9, GRAM achieves 99.05% validity, outperforming all D3PM baselines. The
strongest D3PM baseline, D3PM-Uniform (Big), reaches 91.33% validity while using 55.1M parame-
ters and 1000 denoising steps. In contrast, GRAM uses fewer parameters and only 16 inference steps.
In all cases, the valid samples are unique under exact board matching, indicating that the reported
validity is not due to simple repetition of a small set of boards. These results show that GRAM can
generate highly constrained symbolic structures from an empty input, supporting its potential as a
generator beyond conditional puzzle solving.

Figure 17 illustrates the unconditional Sudoku generation setup. Starting from an empty board,
the task is to generate complete boards, and validity is determined by whether the generated board
satisfies all Sudoku constraints. Figure 7 shows qualitative examples of boards generated by GRAM.

Table 9: Unconditional Sudoku generation. We report the ratio of generated boards satisfying Sudoku
constraints over 100K samples. All valid boards are unique for all methods in this evaluation.

Method #Params Steps Validity(%)
D3PM-Uniform (Big) 55.1M 1000 91.33
D3PM-Uniform (Small) 15.9M 1000 29.24
D3PM-Absorb (Big) 55.1M 1000 79.18
D3PM-Absorb (Small) 15.9M 1000 21.88
GRAM (Ours) 10.9M 16 99.05
Empty input Valid sample Invalid sample
3.6/ 5|47 819 2|1 43 8|29 1|7 6|5
9.4/ 1|25 6|8 7|3 521|173 6|4 9|8
278|191 3|16 5|4 76914 5 8|1/2|3
5 2/9|8 4 7|13 1|6 91/ 3|4 4 7|5 8|6
—_—» |7 /3/6|1 9 2|54 8 2/ 54|16/ 8 91317
1/8 4|3 65|29 7 6 8 7|51 3|2 4|9
8 9 7|5 3 4|1 6|2 372|196 4|8 5|1
4 13|62 9|7 8|5 1/9/5|13 28|67 4
6 5/ 2|7 8 1|14/ 3|9 8 4/ 6|17 5|9 3|2

Figure 17: Unconditional Sudoku generation setup. Starting from an empty board, the task is to generate
complete Sudoku boards. The valid sample satisfies all Sudoku constraints, while red entries in the invalid
sample indicate cells involved in constraint violations.
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D.6 Visualizing Latent Recursion Process

To understand how stochastic guidance shapes reasoning, we visualize latent trajectories during
recursive computation. Specifically, we track the high-level state h at each supervision step throughout
the recursion process. For visualization, we project these latent vectors into 2D using PCA [59] and
interpolate unobserved states via K-D tree [60] to construct a continuous loss landscape.

Figures 18 and 19 compare TRM and GRAM on the same Sudoku puzzle. TRM follows a single
deterministic path from initialization to solution, offering no mechanism to escape if the trajectory
enters a suboptimal region. In contrast, GRAM samples diverse trajectories that explore different
regions of latent space before converging. While some trajectories become trapped in local minima
(bright yellow regions), others successfully navigate toward the global optimum (dark blue regions).
This diversity enables GRAM to discover valid solutions more reliably through parallel exploration.

Figure 18: Latent reasoning trajectory of TRM. The red dot indicates the initial state ho and the green dot
indicates the final state hr. Background color represents the loss landscape: bright yellow corresponds to high
loss regions, while dark blue indicates low loss (optimal) regions. TRM follows a single deterministic path with
no ability to escape suboptimal trajectories.
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Figure 19: Latent reasoning trajectories of GRAM (50 samples). Using the same visualization scheme as
Figure 18, we show 50 sampled trajectories from GRAM. The stochastic guidance enables diverse exploration
of the latent space: while some trajectories converge to local minima (right bottom), others successfully reach
the global optimum (left middle), demonstrating how parallel sampling improves solution discovery.
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Licenses

Table 10: Existing assets, licenses, and source links. We list the existing datasets, benchmarks, and public
reference implementations used or cited in our experiments. Synthetic N-Queens and Graph Coloring instances
are generated by the authors and are therefore not external assets.

Asset Use in this paper License / terms Source link
MNIST Binarized MNIST genera- Creative ~Com- https://keras.io/api/
tion experiments mons Attribution- datasets/mnist/
Share Alike 3.0
ARC-AGI-1/ origi- ARC-AGI reasoning Apache License https://github.com/fchollet/
nal ARC benchmark 2.0 ARC-AGI
ARC-AGI-2 ARC-AGI-2 reasoning Apache License https://github.com/arcprize/
benchmark / reference 2.0 ARC-AGI-2
results
HRM repository HRM  baseline and Apache License https://github.com/
Sudoku-Extreme-related 2.0 sapientinc/HRM
reference implementation
TinyRecursiveModels TRM baseline and recur- MIT License https://github.com/
/ TRM repository sive reasoning reference SamsungSAILMontreal/
implementation TinyRecursiveModels
MDLM repository Masked diffusion base- Apache License https://github.com/
line reference implemen- 2.0 kuleshov-group/mdlm
tation, if public code is
used
Google Research D3PM image-generation Apache License https://github.com/
D3PM implementa- baseline reference imple- 2.0 google-research/
tion mentation, if public code google-research/blob/master/
is used d3pm/images/diffusion_
categorical.py
Looped Trans- Looped Transformer base- MIT License https://github.com/Leiay/

former repository

line reference implemen-
tation, if public code is
used

looped_transformer

N-Queens Synthetic multi-solution Not an external N/A
constraint  satisfaction  asset
task generated by the
authors

Graph Coloring Synthetic multi-solution Not an external N/A

constraint  satisfaction
task generated by the
authors

asset
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